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Inverse and Optimal Control for Precision Acrobatic Maneuvers
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Control input histories are determined for flying precision three-dimensional acrobatic maneuvers using inverse-
control and optimization methods. A point-mass model is used with three controls, angle of attack, bank angle, and
thrust. Bounds are placed on normal load factor, thrust, and angle of attack. By choosing cylindrical coordinates for
the position vector and spherical coordinates for the velocity vector, simple inverse solutions are found for precision
acrobatic maneuvers. Requiring constant radius and constant helix angle produces nonlinear feedback laws for
angle of attack and bank angle. Numerical results are presented for an F4H aircraft performing barrel rolls.

Introduction

A EROBATIC maneuvers are the ultimate art of flying. They re-
quire keen reflexes in the pilot and close coordination of the

various controls. The acrobatic aircraft must be structurally sound,
have a large wind area, and have an engine that is powerful rel-
ative to its weight. The American Pitts special, with a composite
structure and a modified engine, achieves a thrust/weight ratio well
above 1. Most fighters can also perform such maneuvers because
of their powerful engines (e.g., the maximum thrust/weight ratio
of an F-16 ranges between 1.0 and 1.4). Acrobatic maneuvers are
an integral part of a fighter pilot's tactics in aerial combat and help
him to recover from unexpected flight conditions such as spins.1 For
example, a high-g barrel roll is often effective against an attacker
closing from astern. Immelman or split-S maneuvers are standard
methods of disengaging from combat.2

In conventional flight control design, the aircraft dynamics are
assumed linear and time invariant about some nominal equilibrium
flight trajectory. These assumptions are not valid in aerobatic maneu-
vers because they generally involve large changes in aircraft altitude
and attitude. This study develops a systematic approach to determine
the control inputs for specified aerobatic maneuvers. The approach
uses inverse and optimal control methods to generate feedforward
control histories. A unified approach for analyzing precision aero-
batic maneuvers is presented by specifying the flight path as either
a horizontal or a vertical helix. These specifications are then used in
inverse analysis to generate the controls. If the resulting controls are
not feasible or if terminal conditions are not met, optimal control
methods are used to satisfy the constraints while minimizing the
deviations from the ideal aerobatic maneuver.

Uehara et al.3 considered minimum time loop maneuvers using
a point-mass model. They showed that the controls are mainly on
the control boundaries (i.e., bang-bang). A similar study by Shinar
et al.4 used an energy state model. They showed that by using this
reduced-order model, the solution can be expressed in a feedback
form. In recent years, inverse control methods have been used to
analyze large-amplitude aircraft motions. Kato and Sugiura5 pre-
sented an aileron roll maneuver as an example of inverse analysis
of aircraft motion. In their example, however, the inverse control
magnitudes are not feasible. Hess et al.6 found the inverse controls
for the same maneuver using an inverse simulation technique. A
rigid-body model was used in both cases. In another paper by Kato7
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a barrel roll maneuver was analyzed using an attitude projection
method. He specifies the maneuver from a pilot's point of view, i.e.,
in terms of aircraft body attitudes. Sentoh8 considered the aileron
roll maneuver example of Kato and Sugiura5 using an optimal con-
trol method with the inverse control solution as an initial guess; this
resulted in a maneuver with feasible control inputs and only slight
deviations of the center of mass from the desired straight line path.

Equations of Motion
In this section, we present a derivation of equations of motion

using clock/cone/bank angles. This wind axis coordinate system
is useful for analyzing loops, barrel rolls, Immelmans, and split-S
maneuvers. The velocity vector relative to inertial space is described
by its magnitude V, the clock angle yc, and the cone angle Xc- The

direction of the lift force is described by a rotation about the velocity
vector through the bank angle [ic (see Fig. 1). Whereas velocity is a
vector, when the direction of the lift force is added, the three angles
(Yc, Xc, AO are Euler angles of the wind axes, and so the order of
rotations is important.

The components of a vector in wind axes x^ given its compo-
nents in inertial axes jc(/) are given by

(w) _ nrl ^3 jl (/) QX
— l^c Xc Yc

where Tl
a indicates a two-dimensional rotation about the i axis

through an angle a.
The transformation of vector components to body axes from wind

axes is made by two more rotations, through the angle of sideslip
ft, and the angle of attack a and is given by

x ' = T TBxw (2)

Me / L+Tsin(a+E)

mgcosyc

looking along V
He is rotation aboutv*

Fig. 1 Velocity vector and clock/cone/bank angles.
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Fig. 2 Relationship of body and wind axes (xct 7c> Me) to inertial axes
for j3 = 0: XB = direction body x axis and V = direction velocity of c.m.

The body axes are located with respect to inertial axes by three
Euler angles. The NASA standard Euler angles are i//,9, and 0,
which are called yaw, pitch, and roll angles. The components of a
vector in body axes given its components in inertial axes are

(I) (3)

Equations (1-3) permit us to find the relationship between the
wind-axis Euler angles (xc, yc, and jj,c) and the body-axis Euler
angles (V^, 0, and 0) given ft and a. Equating Eq. (2) to Eq. (3)
using Eq. (1) gives

Equating terms gives the desired relations. For ft = 0 (see Fig. 2),

—sin# = — cos a sin xc sin yc — sin a (cos \ic cos yc

+ sin \LC cos Xc sin yc) (5)

sin IJLC cos yc — cos JJLC cos Xc sin yc

— sina sin Xc sin Xc + cos a (cos /zc cos yc + sin JJLC cos Xc sin yc)

(6)

cos a cos yc sin xc ~ sin a (cos /xc. sin yc — sin /zc. cos Xc cos yc

cos a cos Xc ~~ sm a sin /xc sin xc-

(7)

Kinematic Equations
We define the position of the center of mass by x, y, and h, where

h is altitude and x and y are orthogonal horizontal position coordi-
nates. It follows from Fig. 1 that

x = V cos Xc

y = V sin Xc cos yc

h = V sin Xc sin yc

(8)

(9)

(10)

For maneuvers like loops and barrel rolls horizontal cylindrical
position coordinates (r, 77, ;c) are useful (see Fig. 3), where

r = V sin xc sin(?7 - Xc)

rf] = V sin Xc cos(?] - Xc)

x = V cos Xc

(H)

(12)

(13)

z=-h

looking along x-axis
Fig. 3 Horizontal cylindrical position coordinates.

Dynamic Equations
The forces acting on the vehicle are thrust T, lift L, drag D, and

gravitational force mg. The components of gravitational force in
these wind axes with JJLC = 0 are given by

— T-3 (14)

Using the NASA standard coordinates (1 and 2 axes horizontal,
3 axis down) means that g(/) = g[0 0 l]r, and using this with
Eq. (14) gives

(15)
-smxc sin Xc
—sinxc- cos Xc

cos yc

The equations of motion in clock-cone-bank angle wind axis com-
ponents are

m V = T cos(a + s) — D — mg sin Xc sin yc (16)

m V sin XcYc = [L + T sin(a + s)] cos IJLC — mg cos yc (17)

c = [L + T sin (a + s)] sin \LC — mg cos Xc sin yc (18)

Equations (11-13) and (16-18) are the equations of motion for
the analysis in the following sections. The three controls are angle
of attack a, bank angle /xc, and thrust T.

Inverse and Optimal Control
Here we present the approach of finding control inputs for

loop/barrel roll maneuvers using inverse and optimal methods. A
barrel roll maneuver involves a flight path about an imaginary cylin-
der (a barrel) with its axis parallel to the ground. The pilot selects
a reference point on the horizon and makes the aircraft longitudinal
axis describe a circle about that point.1 It is a coordinated climbing
and turning maneuver.

In a precision loop or barrel roll, an aircraft moves along a hor-
izontal helix, where the radius r and the helix angle Xc are both
constant. This implies that r = Xc • = 0- Note that the ranges of Xc
are 0 < Xc < ?r/2. When xc = 7T/2, it is a loop, and when Xc -» 0,
the maneuver approaches that of an aileron roll. Using Eqs. (11),
(12), and (18) we can determine the required bank angle [ic and the
normal force N = L + T sin (a + s) as nonlinear feedbacks on V
and yc:

tan /xc =
cos Xc sm yc

cos ye + V2 sin2 xc/gr

N = mg[(cos Xc sin yc)2 + ( cos yc + V2 sin2 Xc I g r f ] *

(19)

(20)

This reduces the equations of motion of interest to two, namely,
Eqs. (16) and (17), since Eq. (13) does not involve any control.
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Because the lift force is function of (V, h, a) [see Eq. (36)], oc can
be determined given (N, T, V, h). The only remaining control is
the thrust T. By using yc as the independent variable, there is only
one equation of motion for V(yc). Dividing Eq. (16) by Eq. (17)
gives

dV
dyc

T cos (a + s) — D — mg sin xc sin yc (21)

The time histories can be obtained using Eq. (12) and the condition
that rj = yc:

dt
(22)

The block diagram in Fig. 4 shows the case where T is specified.
The outputs are the position of the center of mass and the attitude
of the aircraft. If the inverse solution does not satisfy the constraints
on the controls, the normal load factor, or the terminal conditions,
optimal control methods are used to modify the inverse solution.
We are interested in the following optimal control problem:

min/ (23)

where / is the performance index, subject to the equations of motion
(21) and (22), the initial and terminal conditions

V(0) = V(tf) = V0

where tf is the final time, and the control constraints

\N\<Nm o < r < r m a x

(24)

(25)

—— » Integrate
V.Yc

V.T

—— *

NL feedback 0, He

b,

Integrate

I*
Transform
Wind Axes to
Body Axes*

x.y.h
(orr.rj.x)

Fig. 4 Block diagram representation of inverse control for loop/barrel
roll.

The optimal control problem is formulated as a nonlinear program-
ming problem using Seywald's differential inclusion method.9 For
loop/barrel roll maneuvers, let the parameter vector be the velocity
at n time points and the radius r,

k = [V(yc)i, . . . , V(yc)n r] (26)

where n is the number of discretization intervals. From the initial
guess of V(yc)i» i = 1 , . . . , n — 1, and r determine dt/dyc, dh/dyc,
and hence tf, /*/ using the discrete equations of motion

dycV sin Xc

+ rsinycdyc

(27)

(28)

where dyc = n/2n, (~) = [(),• +1, +()/]/2, and i = 1 corresponds
to initial conditions. To obtain the parameterized controls, compute
dV/dyc by numerically differencing the parameter vector V/, i =
1, . . . , n — 1. Then define a\ and a2 as

a\ = sin yc cos Xc

a2 = cos yc +

The bank angle and normal load factor are then given by

(29)

(30)

(31)

(32)

The angle of attack and thrust are computed using a Newton-
Raphson method from the following nonlinear equations:

dV _ T cos(a + £) + D + mg sin xc sin yc

dyc Vsinxc/r

N -T sin(a + e) - L = 0

= 0

where

(33)

(34)

(35)

(36)

c = 60°

Down range (kft)

Cross -2
range(kft)

Fig. 5 Minimum radius loop/barrel rolls at sea level.
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Fig. 6 State and control time histories for minimum radius loop/barrel rolls at sea level with F0 open: —— , Xc = 30 deg; - - -, Xc - 60 deg; and — — ,
Xc = 90 deg.

There are no terminal constraints for a loop/barrel roll maneu-
ver. The bounds on the controls and the load factor are inequality
constraints

(40)

«i ~ <*max < 0

Ni - A^max < 0

TI - rmax < o, -7} < o

The constrained parameter optimization problem can be solved read-
(37) ily using the MATLAB function constr.10 The initial guess of the

parameter vector k comes from the inverse control solution with
constant thrust.(38)

(39)

for i = 1 , . . . , n. The performance index for a minimum radius
loop/barrel roll is

Numerical Results
In this section, we present numerical examples of loops and barrel

rolls using an F4H aircraft model with constant weight W = 35 klb
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and s = 0. The aerodynamic and maximum thrust characteristics
for the F4H (see the Appendix) are

CL = CLaa (41)

CD = CD()+tC2 (42)

rmax.= [l, Mt M2, M3, M 4 ]g[ l , h, h2, h\ h4]T (43)

where CLa , CDo , and k are functions of Mach number; Q is a 4 x 4
matrix of coefficients used to approximate the maximum thrust data
as polynomials in Mach number M and altitude h. The problem here
is to find the control histories [i.e., a(f), T ( t ) , //c(01 °f a precision
loop/barrel roll maneuver to minimize the radius subject to the fol-
lowing constraints:

(44)

(45)

Table 1 Summary of barrel roll/loop maneuvers for F4H

V(0),kft/s Xc-(O), deg r,kft

0.65
0.65
0.65

30
60
90

0.54
1.63
2.18

11.0
20.6
24.8

150
150
150

All maneuvers begin at horizontal flight at sea level. The initial
velocity is a parameter to be optimized. All maneuvers end with
final velocity equal to the initial velocity.

Figures 5 and 6 show the trajectories and the state and control
histories for the maneuvers. Table 1 summarizes the results for three
different values of cone angle. From the results, the optimal entry
velocity V(0) for all cases turned out to be the same, namely, 0.65
kft/s. The optimal angle-of-attack history begins and ends at its
maximum values. This is to provide the centripetal force for the
maneuvers. The optimal thrust levels stay at Tmax except for the
loop at Xc = 90 deg, where T switches between T = 0 and Tmax
toward the end of the maneuver.

Conclusion
By choosing an appropriate dynamic model and coordinate sys-

tem, the inverse control problem for acrobatic maneuvers is greatly
simplified. The mass-point model is found to be adequate for the
maneuvers considered. For loop/barrel roll maneuvers, cylindrical
coordinates for the position vector and spherical coordinates for
the velocity vector were found to simplify the inverse solution. Us-
ing these coordinate systems and specifying acrobatic maneuvers
as motions along horizontal or vertical helices result in nonlinear
feedback laws for two of the three controls. The nonlinear feedback
laws reduce the number of controls to one.

If the inverse control solution does not satisfy constraints on con-
trols, normal load factor, or terminal conditions, then a solution

|o..

-fcJ

3 0.6
u
J

gO.4

•* °-2

0.2 0.4 0.6 0.8 1 1

Mach Number
2 1.4

M
1.6 1.8 2

0.2 0.4 0.6 0.8 1 1.2 1.4

Mach Number, M
Fig. Al Aerodynamic and maximum thrust model for F-4H.
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satisfying the constraints that deviates as little as possible from the
desired outputs can be found using optimal control methods. The
inverse solution provides a good initial guess for the iterative algo-
rithm used in the optimal control problem. It also gives preliminary
insight into the maneuvers.

The results of minimum radius loop and barrel roll maneuvers
show that the maximum thrust/weight ratio and the maximum angle
of attack play an important role. There is an optimal V(0), indepen-
dent of Xc(0)> for minimum radius maneuvers.

Appendix: F4H Aircraft Model
The aircraft model is taken from Ref. 11 with the following weight

(in kilopounds) and wing area (in square feet):

and

(Al)

(A2)

(A3)

(A4)

where k = K/CLa. The aerodynamic coefficients are approximated
as functions of Mach number (see Fig. Al). For M < 1.15,

CA) - 0.013 + 0.0144 {1 + tanh[(M - 0.98)/0.06]} (A5)

Wo-35

5-530

CL = CLaa

CLa =3.44 +
1

(A6)
cosh[(M - 1)/0.06]2

K = 0.54 + 0.15{1 + tanh[(M - 0.9)/0.06]} (A7)

ForM > 1.15,

CLa = 0.013 + 0.0144[1 + tanh(0.17/0.06)] - 0.011(M - 1.15)
(A8)

) = 3.44+-
1 0.96

[cosh(0.15/0.06)]2 0.63 '

K = 0.54 + 0.15[1 + tanh(0.25/0.06)] + 0.14(M - 1.15)
(A10)

and the maximum thrust is approximated as a function of Mach
number and altitude

Tmax = [1 M M2 M3 M4] Q [1 h h2 h3 h4]T

(All)

where

' 30.21
-33.80
100.80
-78.99
18.74

-0.668
3.347

-77.56
101.40
-31.60

-6.877
18.13
5.441

-30.28
12.04

1.951
-5.865
2.864
3.236

-1.785

-0.1512'
0.4757

-0.3355
-0.1089
0.09417

(A12)
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